A FUNCTIONAL RELATION FOR TORNHEIM'S DOUBLE ZETA 

FUNCTIONS 



KAZUHIRO ONODERA 



Abstract. In this paper, we generalize the partial fraction decomposition which is fundamen- 
tal in the theory of multiple zeta values, and prove a relation between Tornheim's double zeta 
functions of three complex variables. As applications, we give new integral representations of 
several zeta functions, an extension of the parity result to the whole domain of convergence, 
concrete expressions of Tornheim's double zeta function at non-positive integers and some re- 
sults for the behavior of a certain Witten's zeta function at each integer. As an appendix, we 
show a functional equation for Euler's double zeta function. 



1. Introduction 
Tornheim's double zeta function is denned as 

1 



C(s,t;u) = ^ 



n=l 

for (s,t,u) G C 3 with Re(s + u) > 1, Re(t + u) > 1 and Re(s + t + u) > 2. It is known, 
by Matsumoto [TJ Theorem 1], that ((s,t;u) can be meromorphically continued to the whole 
space C 3 , and its singularities are located on the subsets of C 3 defined by one of the equations 
s + u = 1 — I, t +u = 1 — I (I = 0, 1, 2, . . . ) and s + 1 + u = 2. This function can be regarded as a 
generalization of some well-known zeta functions: the product of two Riemann zeta functions 
= £(s,i;0), the Euler double zeta function ((u,t) = £(0, t;u) and the SU(3)-type 
Witten zeta function (su(3)( s ) = 2 s C(s,'S;s). Euler and Tornheim [12], and many people gave 
a lot of relations between the values £(s,t;u) for triples (s,t,u) of non-negative integers on the 
domain of convergence, but little relation as functions of complex variables has been found. As 
an exception, Tsumura [13, Theorem 4.5] represented explicitly the function 

Z(s, t; u) = £(s, t; u) + cos(7ri)C(t, it; s) + cos(-7rs)£(u, s; t) (1.1) 

in terms of the Riemann zeta function, when s,t G 1*>o, t > 2 and h€C, except for singular- 
ities. Afterward Nakamura Theorem 1.2] gave a simpler version: for s,i G Z>i and «£C 
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except for the singular points, 

[a/2] 



Z(s, t;u) = 2 £ ( S + 1 _ f ^ C(2h)C(s + t + u-2h) 
h=o ^ s ' 

[*/ 2 l / \ 

+ 2 E { + 1 1 1 jC(2fc)C( S + t + ti - 2k), (1.2) 
fc=o ^ ' 

where [x] for x € R denotes the greatest integer not exceeding x. This result seems really 
fascinating because it contains most of the known relations between the values ((s,t;u) for 
s,t,u £ Z>i and the Riemann zeta values (see §3]). The aim of this paper is to generalize it 
to a relation between Tornheim's double zeta functions of three complex variables. Our main 
result is 

Theorem. The following relation holds on the whole space C 3 except for the singular points 
of both sides: 

Z(s, t; u) = A(s, t; u) + A(t, s;u), 

where, for (s, t, u) £ C 3 with s, —t, 1 — t — u ^ 0, 1, 2, . . . , 

sin(7rs) f ( tt(s — n)\ T(t + ri)T(—ri) . . , . , . 

A(s, t; u) = -±-J- ^ cot y 2 ) r(t) C(« " v)C(t + u + r,)d V . (1.3) 

Here, the contour L is a line from —ioo to ioo indented in such a manner as to separate the 
poles at r) = s — 2n, —t — n,l — t — u (n = 0, 1, 2, . . . ) from the poles at rj = 0,1,2, ... . 

Remark 1.1. The singularities of A(s,t;u) are located only on the subsets of C 3 defined by 
the equations t + u = 1 — I (I = 0,1,2, .. .). This can be easily seen by shifting the contour 
L as follows. Let K be a non-negative integer. If Re(s) < K + 1/2, —K — 1/2 < Re(i) and 
-K + 1/2 < Re(t + u), then 

K 



A(s, t; u) = 2 @r cos 2 (^J^-) C(« " *)C(* + « + k) 

k=0 ' ^ ' 



i sin(7rs) /" / 7r(s-7?) \ r(t + 77)r(-7/) 

+ - cot [-^- ) ^ C(» - i/)C(* + « + u)*/, (1.4) 

where (t)^ = T(t+k)/T(t) and describes the vertical line from if +1/2 — zoo to if+l/2+ioo. 
Also, from this, it is clear that our functional relation is a generalization of (]1.2p (see (|4.2p ). 

Remark 1.2. Since 

(Z(s,i;u)\ / 1 cos("7ri) cos(-7rs)\ /£(s,i;u) x 

Z(t,u;s) = cos(7rt) 1 cos(7ra) C(i,u;s) 

Z{u,s;t)J ycos(7rs) cos(7rn) 1 y \C(u, s;i) y 

we can write £(s,i;it) in terms of the Z-function as 

A(s, t, u)C(s, t; u) = (1 — cos 2 (7ru))Z(s, t; u) 

+ (cos(7rs) cos(7tm) — cos(irt)) Z (t , u; s) 

+ (cos(7rt) cos(iru) — cos(irs))Z(u, s; t), (1-5) 
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where A(s, t, u) = 1 — cos 2 (-7rs) — cos 2 (7rt) — cos 2 (7ra) + 2cos(-7rs) cos(7rt) cos(7ru), and so The- 
orem gives a new integral representation of ((s,t;u). Some special cases will be displayed in 
Proposition 14.11 

In this paper, to prove Theorem, we employ Li's method in [6J which gave a simple proof 
of (jl.2p . In §2, we will generalize some partial fraction decompositions used there to a usable 
form in our case. We will give a proof of Theorem in §3 and exhibit its applications in §4. In 
Appendix, we will show a functional equation for Euler's double zeta function. 

2. Generalized partial fraction decomposition 

The following partial fraction decomposition plays a fundamental role in the theory of mul- 
tiple zeta values: for two independent variables p, q and two positive integers s, t, 

1 _ (t) h 1 (s) k 1 

pSq t ps-h( p + q y+h 2^ kl q t - k (p + q) s + k ' { ' ' 

h — k — 

In this section, we will formulate two partial fraction decompositions in the case of s,t being 
complex numbers. 

Lemma 2.1. Let p,q be positive real numbers and let s,t be complex numbers whose real parts 
are positive. If s, t / 1, 2, . . . , then 

^p.=I( s ,t;p,r)+I(t, S ;q,r), (2.2) 

where r = p + q and 

Here, the contour L s j is a line from —ioo to ioo indented in such a manner as to separate the 
points at rj = s — l — m,—t — m (m = 0, 1, 2, ... ) from the points atrj = s + n,n (n = 0, 1,2,... ). 

Proof. From the usual integral representation of the gamma function, it follows that 

Ks,t; P ,r) = ± [ W-' + vn-v) ( ff e - P ,-rys- v - lut+v - ld A , 

2m JL s , t Hi-fi) \JJ(K >0 )2 J 

By a suitable choice of L s j, it can be shown that the order of the integrations can be inter- 
changed. Hence, we see 

I(s,t;p,r) = ff e-^-V-V- 1 f-L / r(l - , + ^(-r?) \ 
JJ(K>o) 2 \ 2m JL s , t r(i-s) J 

Since the innermost integral is (1 + v j [i) s ~ x (see |15[ §14.51, Corollary]), we obtain 

I(s,t;p,r)= ff e-^-^ifi + vy-^^dfidv 
J J (IR > o) 2 

0<u<n 
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We note that 

I(t,s;q,r)= [[ e ~PW ^u^df^dv, 
and so the right hand side of (|2.2p is equal to 

T(s)T(t) 



pSgt 



This is the desired result. □ 

Lemma 2.2. Let p, q, s, t be as in Lemma fZTH If p < q and s,t ^ 1,2, ... , then 

cos(-7rs)r(s)r(t) . , . . 
V ! st =J{s,t;p,q-p)+I{t,s;q,q-p), (2.4) 

where 

J [s ,t,p,q V-^J^ r(1 _ s) r (g-p)^* 7 " 

Proof. For any p, r € C x , the integrand in (|2.3p is 

<C |^| Rc W _1 e _27r '''''e Im ( ?? ^ argr '~ argp ^|p _s ||r _t 

as ?? — ?> ±zoo on L Sjt , where the implied constant does not depend on p,r,rj. This estimate 
ensures that, for any fixed q G M>o, the right hand side of (12. 2\ is continued to C \ {±ilR>o U 
(—q ± iIR>o)} as a holomorphic function in p, where the double-signs correspond, and hence, if 
< p < q, then 

e ±nis T(s)T(t) rfs)r(i) T . . r . 

J-T^ 1 = F \s = J ( s ' *5 ~P> 9~P) + I{t, s;q,q- p) 

and 

1 f r(l - s + ri)T(-n) e ±7ri ( s -^r(s - ri) T(t + rj) , 

i(s,t,-r, q -v) = - f{ — ) — j^^Oi- 

Thus, we obtain Lemma 12.21 □ 

3. Proof of Theorem 

For simplicity of description, we suppose that Re(s), Re(t), Re(u) > 2, s, t 7^ 3, 4, 5, . . . and 
the contour L s ^ always satisfies the condition — 1/2 < Re(r^) < Re(s) — 1/2 for all rj G L s ±. We 
first evaluate 

00 ^ 

((s,t;u)= V — — T- ; ■ — . 

^— ' m s n t (m + n) u 

m,n=l ' 

Applying Lemma |2. II with {p, q) = {m,n), we see 

C(s, t; u) = X(s, t; u) + X(t, s; u), 

where 

X(s,t;u) = ±y [ rM;?? L_, dn 

m,n=l JLs ' t 



m s-y( m + n y+u+ n 



and 

r(l - s + r])T(-7])T(s - 7])T(t + rf) 



T(s,t;rj) 



r(i- s )r( s )r(t) 



From the condition of L s f, it follows that the order of summation and integration of X(s 
can be interchanged. As a result, we have 

X(s,t;u) = — / r(s,t;r])C(s -r],0;t + u + f])dr] 
2 ™ JL., t 

T(s + t-l) M , 

= r W r (t ) J C(i.o ;s + t + »-i) 

+ — / r(s, i; r/)C(s - /?, 0; t + u + r/)dr?. 

We next treat cos{i:t)C,{t, u; s) + cos(7rs)C(it, s; t). Set 

. , cos(7ri) cos(7rs) 

^m,n{s,t, UJ 7 — ■ — + 



m t n u {m + n) s n u m s (m + n)* 
for m, n £ Z>i. Applying Lemma 12, 21 to each term, we obtain 

where 

/(s, i; m + n, n) + J(s, t; m, n) 



r(s)r(t)n u 
r(s + i-i) i / 1 i 



r(s)r(t) n s +*+"- 1 \m m + n 

1 /" T( ) ( ^ COs(7r(s — 77)) ■ 

Put = Em.n 

= i b mjn (s,t;u). Then, it is easily seen that 
cos(7rt)C(i, u; s) + cos(7rs)C(w, s; t) = Y(s, t; u) + Y(t, s; u), 



and that 



Y(s, t; u) = - T ^, + l,y (C(l, 0; s + t + « - 1) + C(s + « + u 

r(s)r(t) v 

+ 2^/ r(s,i;r / ){c(t + n + r ? ,0;s-r ? ) 

+ COs(7r(5 - T/))C(5 - »/)C(* + U + 
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Combining (|3.ip and (|3.2p . we have 

X(s,t;u) +Y(s,t;u) 
r(s + t-l) w 

— r W r (t) « 8 + t + 1 " 

+ — / r(s, i; + cos(vr(s - r?))}C(s - 7?)C(* + u + r))dr) 
2m JL.- lt t 

T(s,t;rj)dr ] as + t + u) (3.3) 

because generally 

C(a, 0; i) + C(t, 0; a) = C(s)C(*) " C(* + *)• (3-4) 
The second term on the right hand side of (|3.3p becomes 

-^-^C(* + i + n) + yl( S ,t;u) 

s r(s)r(t) 

by shifting the contour to and the third term is 

r(s + t-i) l 



C(a + 1 + «) - — / r(s, t; r/)d?7 C(s + t + it) 

2 ™ yi.,t 



r( s )r(t) 

by Barnes' lemma (see |15[ 14.52]). Hence, 

X(s,t;u)+Y(s,t;u)= ~ \) ^^ C(s + t + u) + A(s,t;u). 
Thus, we have 

Z(s,t;u) = X(s,t;u) +X(t,s;u) + Y(s,t;u) +Y(t,s;u) 
= A(s, t; u) + A(t, s; u), 

when Re(s), Re(t), Re(-u) > 2 and s, t ^ 3, 4, 5, . . . . By the theory of analytic continuation, the 
proof of Theorem is completed. 

Remark 3.1. We have used Li's method in this section, but it is possible to prove Theorem by 
Nakamura's original method. Indeed, all his argument is valid here except for the property for 
the Bernoulli polynomial [9, (2,7)], which can be proved by the partial fractional decomposition 
(|2.ip in a similar way to Eisenstein's proof for addition formulas of the trigonometric functions 
(see [141 Chapter II] or [11| §2.1]). And so it can be reformulated to an available form in our 
case by (a slightly generalized) Lemma 12. 11 

4. Application 

In this section, we will find some new results from Theorem. The following each proposition 
can be proved independently of the others. However, the next lemma seems to be useful for 
some applications, and so we first state it in order to access quickly. 



Lemma 4.1. Let a be an integer and b,c be non-negative integers. Set 

F(s, t;c)=J2 (?) C(* " k)C(t -c + k) (4.1) 

for s,t G C. Then we have the fallowings: 

(1) For i,ueC with t+u^l-l (I = 0, 1, 2, . . . ), 

[a/2] // 4- - Oh - 1 \ 
A(a,t;u) = 2^ _ 2k )C(2k)C(t + u + a - 2k), (4.2) 

fc=o ^ a / 
where the value of any empty sum is defined to be 0. 

(2) For s,«£C with u^b+l-l (I = 0, 1, 2, . . . ), 

(cos(tts) + (-l) fe )C(s - fc)C(« - b + k). 



A(s-b;u) = J2( b \c 

I — n V / 



k=0 

(3) For any s £ C, 

lim A(s, -b; u) = (cos(vrs) - (-l) b+c )F(s, -c; 6) + 5 c0 (-l) b+1 ((s - b), 

where 5ij denotes the Kronecker symbol. 

(4) For any s£C, 

lim A(s, t; —c) 
t->-6 

= (cos(tt S ) - (-l) 6+c ) \F(s, -c; b) + L-J—^ - b - c - 1) 
+ 5 c0 (-l) b+1 ((s-b). 

Proof. (1),(2) The formulas follow immediately from (|1.4p . 

(3) We apply (2) to get 

b-l 

lim A(s, -b; u) = (cos(tts) - (-l) b+c ) V ( , ) (is - k)((-b -c+k) 

k=o v 7 

+ (cOs(tT S ) + (-l) b )(( S - b)C(-c), 

where we have used the fact that £(— b — c + k) = 0if0</c<6 — 1 and k = b + c (mod 2). 
Thus, by simple calculation, we obtain the result. 

(4) The result follows in a similar way to the above. □ 

We give integral representations of several zeta functions. 
Proposition 4.1. (1) The Euler double zeta function <^(s,t) has the following representation: 

(cos(nt) — cos(tts))((s, t) 

= A(s, t; 0) + A(t, s; 0) - (1 + cos(tts))C(s)C(*) + cos(vrs)C(s + t). (4.3) 



(2) Let n be a non-negative integer. Then, 
(1 +cos(vrs))C(s)C(s + 2n) 

= A(s, s + 2n; 0) + A(s + 2n, s; 0) + cos(vrs)C(2s + 2n) (4.4) 



and 



(l + cos(vrs))C(s)C(-s + 2n) 

= A(s, -s + 2n; 0) + A(-s + 2n, s; 0) + cos(vrs)C(2n) + 5 n (s), 



where 



8 n (s) = < 



— 7rssin(7rs)/12 ifn = 0, 
—ir sm(irs) /(s — 1) if n = 1, 
otherwise. 



In particular, we obtain 

(1 + cos(vrs))C(s) 2 - cos(vrs)C(2s) = 2A(s, s; 0) 

2sin(7rs) f ( ir(s — <n)\ T(s + ri)T(—ri) ., . . , 

' cot v - /; -i — ' K u C(s - ri)({s + rj)d<n. 



2-ni J L \ 2 J r(s, 
(3) T/ie Witten zeta function of SU(3) can be written as 

2- s -\l + 2 co S (7r S ))C 5C 7(3) (s) = s; a) 

sin(7rs) /" /vr(s — r?) \ IYs + n)V(— ri) . , . . . , , A „. 

v w cot ^ — ; v /y C(g - r/)C(2s + 77)^77. (4.5) 



2m J L \ 2 J r(s) 
Remark 4.1. We can regard (I4.4p as a generalization of the formula 



C(2/)C(2m)-^C(2/ + 2m) 

J f /2 + 2m - 2k - 1\ /2i + 2m - 2fc - 1\ 1 , , , , , 

for Z, m € Z>i. Indeed, taking s = 2/ (Z = 1, 2, . . . ) in (|4.4h and putting m = I + n, this follows 
from (Oil. 



Proof of Proposition 14.11 (1) Substituting u = in (jl.ip and using (|3.4p . we see 

Z(s, t; 0) = C0)C(*) + cos(vrt)C(t, 0; s) + cos(vrs)C(0, s; i) 

= (cos(7rt) - cos(7rs))C(i,0; s) + (1 + cos(7rs))C(s)C(i) - cos(7rs)C(s + t). 

Hence, the result is shown by Theorem. 

(2) Assume that Re(s) > 1. Comparing the limits of the both sides of (14. 3p as t —¥ ±s + 2n, 

we get 

(1 + cos(vrs))C(s)C(±s + 2n) 

= A(s, ±s + 2n; 0) + A(±s + 2n, s; 0) + cos(vrs)C(s ± s + 2n) 

— lim{cos(7r(z ± s)) — cos(irs)}((z ± s + 2n, 0; s), 

z->0 



where the double-signs correspond. It is clear that the limit becomes unless the double-signs 
are "— " and n = 0, 1. In the remaining cases, the last term of the right side is 5 n (s) because 

C(z - s + 2n, 0; s) = ——((z + 2n - 1) + ^{z + 2n + 1) + 0{l) 
s — 1 12 

as z -> (see [3 p.425, (4.4)]). 

(3) The result follows immediately from and Theorem. □ 

We next extend the parity result [2j Theorem 2] to the whole domain of convergence. 

Proposition 4.2. Let a, b, c be integers such that a + b + c is odd. Assume that a + c > 2, 
b + c>2 and a + 6 + c > 3. If a + b>2, then 

2C(a, 6; c) = (-l) a {4(c, a; 6) + A(a, c; b)} + (-l)V(c, 6; a) + A(b, c; a)}, 

where every A-value is representable in the form (14. 2p . If a + b < 1, then 

2C(a, 6; c) = (-l) a {^* (c, a; 6) + A(a, c; 6)} + (-l) b {A* (c, 6; a) + 4(6, c; a)} 
(— l) a 2 d 
(l-a-6)! as s=0 

Here 

A*(c, a;b) = 2^^ + C c l 2 2 k k ~ 1 ^j C(2fc)C(a + b + c - 2k), 

where the sum is taken over all integers k 6 [0, c/2] except for k = (a + 6 + c — l)/2. 

Proof. Taking the limits of the both sides of (jl.5p as u — > c, i — > b and s — > a in order, we have 



2C(a, 6; c) = (-l) a 4(a, c; 6) + (-l) fe 4(6, c; a) 

+ lim((-l) a A(e, s; 6) + (-l) b A(c, b; s)). 

It is easily seen that the limiting value equals (— l) a A(c, a; b) + (— l) b A(c, b; a) if a + b > 2, and 

(-l) a A*(c,a;b) + (-l) b A*(c, b; a) 
(— l) a 2 d 

+ 7T — ^7 T(s + a)i-a-b ({a + b + c-1) 
(l-a-6)! ds S=Q 

if a + b < 1. Thus, we obtain Proposition 14.21 □ 

The following proposition suggests that £(s, t; u) can be represented as a sum of products of 
the Riemann zeta functions, if at least two of s, t and u are non-positive integers in the sense 
of the coordinate- wise limit. 



Proposition 4.3. Let a, b and c be non-negative integers and let s, t and u be complex numbers. 

(1) If s,t ^ c+l - I (I = 0, 1, 2, . . . ) and s + t / c + 2, tften C(s, i; -c) = F(s, t; c), where 
F(s,t;c) is defined by (|4.ip . 
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(2) If u ± a + 1 - I, b + 1 - I, a + b + 2 (I = 0, 1, 2, . . . ), then 

((-a, -b; u) = (-l) a+1 F(u, -a; b) + -6; a) 

+ 7 — , l , im C(^ - a - 6 - 1) - (5 a0 C(w - b) - <5&oC(« - a). 
(a + b+ 1)1 

(3) For s G C iwift s ^ c + 1 - I, b + c+ 2 (J = 0, 1, 2, . . . ), 

lim C(a, -6; «) = -6; c) + ) > ' ; C(« -b-c-1). 

Proof. (1) This is trivial. 

(2) We take the limits of the both sides of (jl.5p as t — > — b and s — > —a in order. Then, the 
result is a direct consequence of Lemma 14.11 

(3) The result can be proved in a similar way to (2), but it follows easily from the represen- 
tation (5.3)] of ((s,t;u). □ 

Corollary 4.1. Let a, b and c be non-negative integers. 
(1) 



(2) 



lim C( s ^t; —c) = F(—a, —b; c). 

(s,t)— a,— b) 

lim ((-a, -b; u) = F(-a, -b; c) + { ' ' + )' ' | ) C(-a - 6 - c - 1). 



(3) 

f_l)b+l ! c ! 

lim lim C(s, -6; u) = F(-a, -6; c) + / ' ' C(-Q -b-c-1). 

s-t-ou->-c (0 + C+ lj! 

(4) 

(-lY+i a \ c \ 

lim lim C(-a,t;n) =F(-a,-b;c)+ ; / — - C(-a - b - c - 1). 
t^-6w^-c (a + c + 1)! 

Remark 4.2. Komori [3j studied Tornheim's double zeta values for coordinate- wise limits at non- 
positive integers and gave their explicit expressions in terms of generalized Bernoulli numbers. 
Our formulation seems to be more concrete than his. 

To prove (2), we have to use the following lemma and the relation 

( _ 1) a+b+c i?( _ a) _ b . c) _ 6aoC (_ b _ c) _ 6b0 ((-a - c) - 5 a0 5 b o5 c0 = F(-a, -b; c). 

Lemma 4.2. Let a, b and c be non-negative integers. Then, 

(-l)"+»F(-o,-6;c) + (-l)» +c F(-f>,-c;a) + (-lf+'F(-c,-a;b) 

(-lyam + (-D-Hd + pfM \ (( _ a _ b 



(a + b + 1)! (b + c+1)! (c + a + 1)!, 
+ 5ao5boSco- (4.6) 

This lemma is equivalent to Theorem 2 of Chu-Wang pQ. However, their formulation is 
quite different from ours, and so we now prove it for the reader's convenience. 
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Proof. For a non- negative integer m, we set 

P m (x) = s m0 + (-i) m ^pi + 2m+1 ^-V m+k ^- m ~ V-jr- 

We calculate the value 

R = 2- a - b - c - 2 [x- 1 ](P a (x) - 5 aQ )(P b (x) - 5 m ){P c {x) - 5 c0 ) 

in two ways, where [x~ 1 ]f(x) denotes the formal residue of a formal Laurent series f{x). We 
first use the definition of P m (x) to obtain 

R = (-l)^F(-a, -b; c) + (-l) b+c F(-b, -c; a) + (-l) c + a F(-c, -a; b) 
■1)*«1H + (-l)*dal \ _ e _ 



.(o + 6 + l)! (6 + c+l)! (c + a + 1)!, 
We next apply Proposition 3.1 in [10] to get .R = <5aO<5fto<5cO- Thus, we have fl4.6f) . □ 

We finally show the behavior of (su(3)( s ) a * each integer. 

Proposition 4.4. Ze£ a be a positive integer. 

(1) Theorem 3] 

2 a + 2 [ ^ ] /2a - 2k - 1\ , , , , 
G C /(3)(a)= ^ )C(2fc)C(3o-fc). 

v 7 fc=o v y 

(2) &tf(3)(0) = 1/3 <md = log(2 4 / 3 vr). 

(3) If a is odd, then Csu(s) ( s ) has a simple zero at s = —a, and 

(a-l)/2 a+1( , )2 
C^( 3 )(- a ) = 2 " a+2 E UJ C( ~ a ~ 2fc)C/( ~ 2a + 2fc)+ (2a + 1)! ^~ 3q - 1 )- ( 4 - 7 ) 

In particular, sign((' su ^(—a)) = (— l)( a_1 )/ 2 . 

(4) //a is e?;en ; i/ien C,st/(3)( s ) ^ as a zero °f order two at s = —a, and 

a/2 

C^( 3 )(-«) = 2- a+2 E 2 J C'(-a - 2k)('(-2a + 2k). (4.8) 
In particular , siga^'^^J—a)) = (— l) a / 2 . 

Remark 4.3. The value of Witten's zeta function Cg( s ) of each finite group G at s = —2 
coincides with the order of G. In this viewpoint, it is attractive to clarify the behavior of Cg( s ) 
at s = —2 in the case of G being an infinite compact topological group. In [5], Kurokawa 
and Ochiai studied the values of Witten's zeta functions at negative integers, and proved that 
(su(3)( s ) nas a zero a t each negative integer. Proposition 14.41 can be regarded as a refinement 
of their result. Moreover, as seen below, our proof reveals that a zero of Csr/(3)( s ) a * each 
negative integer comes from the gamma factors appearing in the left sides of (12.2j) and fj2.4f) . 
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Proof of Proposition l4~4"l We use here the integral representation (|4.5jl of Csu(3)( s )- 

(1) The result is clear from (|4,2p . 

(2) By (|1.4p . we see that, if K is a non-negative integer and —K/2 + 1/4 < Re(s) < if + 1/2, 
then 

2- S - 1 (l+2cOs(7T S ))C SC /(3)(5) 

E(s)k 9 / tt(s — k)\ w , Sl _, , , sin(7rs) „ . . 
kT cos ( 2 J c(s " fc)c(2s + &) + ~rkr^ (s) ' 

where Rr(s) is a holomorphic function. We note that every term except for the term with 
k = has a zero of order at least two at s = 0. Hence, the values at s = can be immediately 
calculated. 

(3) Set K = 2a + 1. If a is odd, then the terms with k = 0, 1, . . . , a satisfying k = a (mod 2) 
and the term with k = 2a + 1 have a simple zero at s = —a, and the others have a zero of order 
at least two. Hence, we can easily obtain the first part of the result. The last part follows from 
the functional equation of the Riemann zeta function. Indeed, we can show that the sign of 
each term on the right side of (|4.7|) coincides with (— l)( a_1 )/ 2 . 

(4) Put K = 2a + 1 again. In the same way, we see that Csu(3) ( s ) ^ as a zero °f order at least 
two at s = —a if a is even. In order to determine the multiplicity of the zero, we now show 
(PI) . Assume that < e < 1/2. Set 

/(', V) = cot {^p^j T(s + »7)rH7)C(- - v)C(2s + rf). 

Then, by shifting the contour, we obtain the following expression of Csc/(3)( s ) which is valid 
around s = —a: 

a/2 a/2-1 

2- s - 1 (l + 2cos(vr S ))C5 C /(3)(s) = -^^( 5 )+ J2 V l ( S ) + W(s) + I( S ), 

k=0 1=0 

where U k (s) = Res v=k f(s, rj), Vfts) = Res v= - S ^i f(s, rj), W(s) = Res^=i_2 S f(s, rj) and 

J(«) = 7T~- I f(s,rj)dri 
whose contour C £ describes the union of d 1} : a/2 - ioo -> a/2 - ie, cP : a/2 + ee ie (6 : 

(3) 

—tt/2 — > vr/2) and C £ : a/2 + ie — > a/2 + zoo. We here remark that the poles at r/ = 
k,s — 2m, —s — a/2 — m (k = 0, 1, ... , a/2; m = 0, 1, 2, ... ) lie on the left of the contour C £ 
and the poles at rj = 1 — 2s, — s — I, a/2 + n (I = 0, 1, . . . , a/2 — 1; n = 1, 2, . . . ) lie on the right. 
Hence, 

a/2 a/2-1 

2 a - 1 3C^ (3 )(-a) = -E^(- a )+ E V l "(-a) + W"(-a) + l"(-a). 

k=0 1=0 
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By simple calculation, we first see that, for k = 0, 1, ... , a/2 and I = 0,1, ... , a/2 — 1, 



-8 Q C'(-o - k)C'{-2a + k) if fc is even, 
71-2 1 ?K(-a-fe)C(-2a + fc) if A; is odd, 



V?'(-<0 



is even, 



4Qc / (-a-0C'(-2a + /) if / i 
-2ir 2 ( ° )C(-a-Z)C(-2o + if / is odd, 



and 



We next evaluate 



where /" means (d/ds) 2 f . Since the integrals on C^ 1 - 1 and cf^ cancel each other out, we obtain 
I" (-a) = -L f Res f^- a ,ri)-^— 

+ 2^ X< 2 > ( //,(_a ' ??) " R ^ //,(_a ' ' 



'(-a,r/)- Res f"(-a,rj) — 

»?=a/2 77 - a/2 / 

We note that the integrand in the second integral is holomorphic at 77 = a/2, and so the second 
integral tends to zero as e tends to zero. Since I(s) is independent of the choice of e, we get 

1 



where 



I" {-a) = - Res f"(-a, V ) = D 1 {a)+D 2 {a), 

Z r]=a/2 



d ,whtU) !M ' /2,! ,fos2 (mod4) ' 

ifa = (mod 4), 

ifa = 2 (mod 4), 

D ^ = l ^ a / 2 )C(-3a/2) 2 ifa^O (mod 4). 



Combining the above results, we have 



E U k(~ a )+ E T^(-a) + W*(-a) + D 1 (a) 



0<fc<a/2 
fc:odd 



0<Z<a/2-l 
/:odd 



37r 2 ^/a\ , n , x 3vr 2 (a!) 2 „ o 1X 

= E (J C(-a - *)C(-2a + fc) + — (^yrCl-Sa - 1) 



0, 
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where in the last step we have used (14. 6p with a = b = c. Moreover, we see 



E &*(-«) + E ^"(-«)+^(«) 



0<fc<a/2 0<«<a/2-l 
A:: even i:even 

a/2 



6 E( 2 l)^- a - 2 ^ c/ (- 2a + 2 ^- 

fc=0 ^ ' 



Thus, we obtain (|4.8p . In the same way as (3) above, we get sign(^ [/ ( 3 - ) (— a)) = (— l) a / 2 , which 
completes the proof of Proposition 14.41 □ 

Appendix A. A functional equation for Euler's double zeta function 



The ^4-function (jl.3p has not been found in previous papers on multiple zeta functions. 
However, as seen in the next proposition, A(s,t;0) is related to the functional equation of 
((s,t) = ((t, 0; s) which was obtained by Matsumoto [8j Theorem 1]. 

Proposition A.l. Set 

h(s, t) = C(a, t) - ^7^r( S + t - l)((s + 1 - 1). 

r(s) 

Then, we have 

h(s,t) fir \ h(l -t,l-s) 



cos (t^{s + t — 1) 



(2 7r )«+*- 1 r(l - 1) V2 V V T(s) 

+ sin l-( s + t-l)) -5s iA(l-s,l-t;0). (A.l) 

VZ / 7T 

In particular, the second term on the right side of (|A. ID vanishes on the hyperplane s+t = 2k+l 
{keZ\ {0}) (c/. [4, Theorem 2.2]). 

Remark A.l. Firstly, the function g(u,v) in Matsumoto's paper coincides with h(v,u). Sec- 
ondly, it may seem that the singularities of C( s it) are located on the hyperplanes s = 1 — I and 
s + t = 2 — Z (Z = 0,1,2,...). However, the singularities on s = — I and s + t = — 1 — 21 (I = 
0,1,2,...) are fake, namely, the singularities of C( s >^) are only located on the hyperplanes 
s = 1, s + t = 1 and s + t = 2 — 21 (I = 0, 1, 2, . . . ). This can be confirmed, for instance, by 
(jl.4p and (|4.3p . Hence, the last part of the proposition is justified. 

Proof of Proposition IA.ll We first recall the usual integral representation of C( s )0 (cf- [3 
(5.2)]): 

«.,.)- J. / r( 8 + ,)r(-,) 
27r « 7(c) r (s) 

for s,t £ C with Re(s) > 1 and Re(t) > 1, where — Re(s) + 1 < c < and the contour (c) 
describes the line from c — ioo to c + too. Since the residue of the integrand at n = t — 1 is 

r( s ) 
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unless t = 1,2,3,..., we shift the contour to obtain 

for s, t € C with s ^ 1 — k and t ^ k {k = 0, 1, 2, . . . ), where the contour C is a line from — too 
to ioo indented in such a manner as to separate the points at r/ = —s + 1 — I, t — I (I = 0, 1, 2, . . . ) 
from the points at rj = 0, 1, 2, ... . By the functional equation of the Riemann zeta function, 
the integrand is equal to (27r) s+ * _1 r(l — t) times 

/ 7r , . \ T(l -t + ri)T(-r)) , 

cos (2 < s + 4 " r >) rare 1) - " - - « + " 

+ sin l-(s + t - 1) -i - sin(7r(l - s)) 

V Z / 7T 

x cot (1(1 - . - ,)) F(1 V(1 + -') ( ~" > C(1 - 8 " " )C(1 - ' + " } - 
Thus, we obtain (jA.lj) . □ 

We now compare our result with the result of Matsumoto to obtain a new representation of 
A(s,t;0). For (s,i) € C 2 with Re(s) < and Re(i) > 1, set 

OO 

F±(s,t) = Y,°s+t-i(k)y(t,s + t;±2Trik), 
k=l 

where a u (k) = ^2 d \ k d v and ty(a,j;z) is the confluent hypergeometric function of the second 
kind. It is known that F±(s,t) can be continued meromorphically to the whole space C 2 . 

Corollary A.l. The function A(s,t;0) can be represented in terms of the F±-functions: 
2r(s)A(s,t;0) = (2iri) s+t F + (s,t) + (-2m) s+ *F_(s, t). 

Proof. Propositions 1 and 2 in [8] show 

, ,5^1 7 = e^ s+t ~^ 2 F + (t, s) + e^s-^F^t, s) 

(2 7 r) s +*- 1 r(l - t) 

and 

F±(l - t, 1 - s) = (±2vri) s +'- 1 F ± ( S , t), (A.2) 

respectively. These suggest 

h(l-t,l-s) 

W) 

and so we see 



F + (t,s) + F„(t,s) 



h(s,t) fir, \ h(l — t,l — s) 

cos ( — (s + t — 1) 



(2vr) s +*- 1 r(l - 1) V2 V ') T(s 



TT 



+ ism {-(s + t - 1)J (F+{t, s) - F.(t, s)). 

By comparing this with (|A.lj) . we have T(l — s)A(l — s, 1 — t; 0) = iri(F+(t, s) — F_(t, s)). Thus, 
we use (|A.2|) to obtain the result. □ 
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